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Abstract
The effective anisotropic stresses induced by the scalar modes of the geometry depend on the
coordinate system so that the comparison of the competing results is ultimately determined by the
evolution of the pivotal variables in each particular gauge. After arguing that the only reasonable
physical coordinate systems for this problem are the ones where the gauge freedom is completely
fixed (like the longitudinal and the uniform curvature gauges), we propose a novel gauge-invariant
strategy for the comparison of gauge-dependent results. Instead of employing the pivotal variables
of a given coordinate system, the effective anisotropic stress is solely expressed in terms of the
gravitating normal modes of the plasma and in terms of their conformal time derivatives. The
new approach is explicitly gauge-invariant and when the wavelengths of the normal modes are
either shorter or larger than the sound horizon, the physical limits of the anisotropic stresses are
determined without relying on the specific details of the background evolution. The relevance
of the proposed strategy is discussed in the general situation where the scalar anisotropic stress
and the non-adiabatic pressure fluctuations are simultaneously present. We finally argue that the
anisotropic stress can be most efficiently obtained from the second-order effective action of the
curvature inhomogeneities.
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1 Introduction
The effective energy densities and the pressures of the relic gravitons are neither unique nor gauge-
invariant. This inevitable feature is ultimately caused by the equivalence principle that forbids the
localization of the energy-momentum tensor of the gravitational field [1]. The effective anisotropic
stresses induced by the scalar inhomogeneities of the geometry also affect the evolution of the relic
gravitons and they are customarily assessed always by using the Landau-Lifshitz approach [2] with
the proviso that besides the second-order tensor modes (leading to the energy-momentum pseudo-
tensor) also the second-order scalar modes should be consistently taken into account. Within
the concordance paradigm the spectral energy density of the relic gravitons scales linearly with
the amplitude of the tensor power spectrum (i.e. AT ) while the correction due to the effective
anisotropic stresses coming from the scalar modes is quadratic in the amplitude of the scalar power
spectra AR. The corrections coming from the scalar anisotropic stresses are therefore smaller than
the leading-order results by a factor where AR/rT where rT denotes the tensor to scalar ratio (see,
for instance, [3] for a recent review). There are two related aspects that make this problem often
confusing. First the Landau-Lifshitz approach is not unique; second the effective anisotropic stresses
are, by construction, gauge dependent. In this investigation we shall address both issues with the
aim of proposing a novel gauge-invariant approach to the analysis of the effective anisotropic stresses
induced by the scalar modes of the geometry.
It is actually well known that the Landau-Lifshitz strategy [2] is not unique: the Brill-Hartle
averaging [4], the Isaacson approach [5, 6] and the Ford-Parker proposal [7] are the main suggestions
put forward through the years for a proper definition of the energy-momentum pseudo-tensor of
the gravitational field. As recently argued these approaches are not always equivalent: if applied
in a cosmological context different proposals lead to sharply different forms of the energy density
and of the pressure of the relic gravitons [8]. If the frequencies of the gravitons are larger than the
rate of variation of the background the different pseudo-tensors lead to coincident results but the
conclusions are sharply different in the opposite limit.
While some other suggestions have been presented through the years, they can all be related,
either directly or indirectly, to the original ideas mentioned in the previous paragraph. So for
instance the proposal of Ref. [9] coincides with the Landau-Lifshitz approach while the results of
Refs. [10, 11] follow from the strategies of Refs. [4, 5, 7]. The suggestion of Refs. [12] coincide
with the approach of the effective action [7] (see also [6]). The authors of Ref. [13] claimed a result
with all the necessary properties of a true energy-momentum tensor of the gravitational field itself
(i.e. symmetry, uniqueness, gauge-invariance and covariant conservation). While this result has
been subsequently challenged by Refs. [14, 15], the geometrical object most closely related to the
suggestion [13] is the Landau-Lifshitz pseudo-tensor [2]. The ambiguity of the competing definitions
may be solved by imposing a number of physical requirements (e.g. the positivity of the energy
density both inside and outside the Hubble radius) [8]. These criteria pin down the Ford-Parker
proposal [7] where the energy-momentum pseudo-tensor follows from the variation of the effective
action of the relic gravitons with respect to the background metric.
The possibility of higher-order processes makes the problem more acute and, in a sense, even
less gauge-invariant. For instance the long-wavelength gravitons induce curvature inhomogeneities
both during inflation and in the subsequent radiation-dominated phase [16]. Similarly curvature
inhomogeneities may cause higher-order corrections to the stochastic backgrounds of relic gravitons
and this second effect involves an effective anisotropic stress [17]. The gauge-dependence of the
effective anisotropic stresses has been originally suggested in Ref. [18]. Even if the description of
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the longitudinal gauge is considered more computable and hence more reliable (see e. g. [19]),
there are no reasons why this should be the case so that the scheme of Ref. [18] has been subse-
quently replicated with different and sometimes contradictory conclusions [20, 21, 22]. Reference
[20] attributes the difference of the results to the evolutionary features of each gauge. Reference
[21] suggests that the effective anisotropic stress is gauge-independent but the authors also imply,
in their conclusions, that the observational sensitivities for the tensor perturbations induced from
the effective anisotropic stress will be different from those for conventional gravitational waves. In
this sense the observation of this tensor perturbation might require a discussion about the suitable
gauge for the observation because of its gauge dependence. This last statement is at odds with the
claimed gauge-independence. Finally Ref. [22] overlaps significantly with previous works and, by
admission of the authors, it just revisits the gauge dependence of gravitational waves generated at
second order from scalar perturbations. This analysis suggests that the various backgrounds affect
the gauge-invariance of the final results and claims that the obtained conclusions are not really
gauge-independent and, to some extent, even background dependent.
We propose here a method that is simultaneously gauge-invariant and background independent.
The idea is to obtain the effective anisotropic stresses in a particular gauge and then to express
the obtained result solely in terms of R and R′ that will denote throughout the curvature inhomo-
geneities (defined on comoving orthogonal hypersurfaces) and their corresponding (conformal) time
derivatives. Since the new variables coincide with the gravitating normal modes of the system their
evolution is the same in any gauge. Therefore, within the present approach, the effective anisotropic
stresses in different gauges will depend on the same set of pivotal variables obeying the same mas-
ter equation: unlike the strategies pursued so far the comparison between the gauge-dependent
results will therefore be immediate. In Refs. [23] and [24] the main aspects of this approach have
been outlined in the simplest possible situation, namely the one where the non-adiabatic pressure
fluctuations are absent and the total anisotropic stress vanishes.
To avoid potential confusions we stress that three different quantities shall be repeatedly men-
tioned hereunder namely:
• the anisotropic stress induced by free-streaming particles (Πt in what follows) and affecting
the evolution of the scalar modes of the geometry;
• the effective anisotropic stress induced by the (second-order) scalar inhomogeneities and af-
fecting the evolution of the tensor modes;
• the non-adiabatic pressure fluctuations (δpnad in what follows) depend on the composition of
the plasma and it vanishes in the case of a single fluid.
The anisotropic stress caused by the free-streaming particles (for short the scalar anisotropic stress)
in the concordance paradigm is mainly due to neutrinos and it affects the initial conditions of the
Einstein-Boltzmann hierarchy necessary for the calculation of the temperature and polarization
anisotropies of the Cosmic Microwave Background [25]. The neutrinos free-stream after electron-
positron annihilation and their anisotropic stress also affects directly the relic graviton background
by suppressing its spectral energy density [26, 27]. The second-order scalar modes of the geome-
try induce instead an effective anisotropic stress which is the one considered more directly here.
The non-adiabatic pressure fluctuations vanish in the case of the concordance paradigm but may
contribute to more general scenarios both at early and at late times.
Also in the presence of δpnad and Πt the effective anisotropic can be solely expressed in terms
R and R′ but the non-adiabatic pressure fluctuations and the scalar anisotropic stress will however
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introduce a source term in the evolution equation for the gravitating normal modes of the system.
An important technical advantage of the present approach concerns the approximate solutions
of the evolution that can be analyzed in a background-independent manner. Indeed the single
master equation obeyed byR andR′ can be analyzed within the Wentzel-Kramers-Brillouin (WKB)
approximation.
All in all the layout of this investigation is the following. In section 2 we shall present the gauge-
invariant evolution of the gravitating normal modes of the plasma when the non-adiabatic pressure
fluctuations and the total anisotropic stress are present. The general properties of the effective
anisotropic stresses will also be outlined with particular attention to the coordinate systems where
the gauge freedom is completely fixed. In sections 3 and 4 the main idea will be illustrated by
explicitly deriving the expressions of the effective anisotropic stress in terms of the gauge-invariant
normal modes. In particular the longitudinal gauge will be discussed in section 3 while section 4
will be instead focussed on the coordinate system where the spatial curvature is uniform. It will be
shown that different gauge-invariant descriptions (like the one following from the density contrast
on uniform curvature hypersurfaces) cannot be traded for the one based on R and R′. In section 5
the gauge-dependent results will be compared in gauge-invariant terms with particular attention to
the limits of the effective anisotropic stress for typical wavelengths larger or shorter than the sound
horizon. In section 6 the spectral energy density of relic gravitons will be computed in the case of
the concordance paradigm and for a radiation-dominated plasma. In section 7 we shall clarify how
the effective anisotropic stress could be derived from the second-order action of the scalar modes in
full analogy with the procedure leading to the effective energy density of the relic gravitons. Section
8 contains the concluding considerations.
2 General gauge-invariant evolution
2.1 Gravitating normal modes
In a conformally flat and homogeneous background geometry the fluctuations of a gravitating, irro-
tational and relativistic fluid admit a normal mode that shall be conventionally denoted hereunder
by R. This quantity has been originally discussed by Lukash [28] even prior to the actual formu-
lation of the conventional inflationary paradigm and in the context of the pioneering analyses of
the relativistic theory of large-scale inhomogeneities [29, 30]. There are different situations where
the evolution of R can be studied. In the simplest case the non-adiabatic pressure fluctuations and
the scalar anisotropic stress are absent. The evolution of R obeys then the following decoupled
equation:
R′′ + 2z
′
t
zt
R′ − c2st∇2R = 0, (2.1)
where the prime denotes a derivation with respect to the conformal time coordinate τ which is
related to the cosmic time as a(τ)dτ = dt; in Eq. (2.1) c2st and zt are defined as:
c2st =
p′t
ρ′t
, zt =
a2
√
pt + ρt
Hcst . (2.2)
From Eq. (2.2) zt and c
2
s depend on the the total energy density ρt and on the total pressure pt;
moreover, using standard notations, H = a′/a = aH and H denotes the Hubble expansion rate. In
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the absence of further sourcesH, pt and ρt will obey the conventional Friedmann-Lemaˆıtre equations
3H2 = `2P a2 ρt, 2(H2 −H′) = `2P a2 (ρt + pt), (2.3)
where `P =
√
8piG. The variable R deduced in Ref. [28] and obeying Eq. (2.1) coincides with the
curvature perturbation on comoving orthogonal hypersurfaces and it is invariant under infinitesimal
coordinate transformations as required in the context of the Bardeen formalism [31]. Subsequent
analyses [32, 33] followed the same logic of [28] but in the case of scalar field matter. All the normal
modes identified in Refs. [28, 32, 33] can be related to the (rescaled) curvature perturbations on
comoving orthogonal hypersurfaces [34].
2.2 Non-adiabatic pressure fluctuations
Equation (2.1) is obtained by assuming the absence of the non-adiabatic pressure fluctuations and
the absence of any source of anisotropic stress due to free-streaming particles. We are now going to
relax both hypotheses. The non-adiabatic pressure fluctuations [35, 36, 37] arise for several reasons
even if in the context of the concordance paradigm they are bound to vanish. In general terms
the pressure fluctuations may not be only caused by the inhomogeneities of the energy density of
the plasma, as it happens in the concordance paradigm, so that the pressure perturbation shall be
written as the sum of two different contributions:
δspt = c
2
st δsρ+ δpnad, δpnad(~x, τ) =
∑
a b
∂pt
∂ςa b
δςa b(~x, τ). (2.4)
While the first term of Eq. (2.4) accounts for the fluctuations of the pressure coming from the
inhomogeneity of the energy density, the explicit expression of δpand depends on the composition of
the plasma and it vanishes in the case of a single fluid. In Eq. (2.4) ςa b denotes the specific entropy,
i.e. the ratio between the entropy density and the concentration of the given species; the indices a
and b denote instead the various species of the plasma. The entropy fluctuation is therefore defined
as the relative fluctuation of the specific entropy for a given pair of species in the plasma:
Sa b(~x, τ) = δςa b(~x, τ)
ςa b
=
δb
wb + 1
− δa
wa + 1
, Sa b = −Sb a (2.5)
While the first expression in Eq. (2.5) follows from the definition, the second equality holds when
the different species with the density contrasts δa = δρa/ρa and δb = δρb/ρb are characterized by the
constant barotropic indices wa and wb. For a collection of fluids with different equations of state
and different sound speeds the explicit form of δpand is
δpnad(~x, τ) =
1
6Hρ′t
∑
a b
ρ′aρ
′
b(c
2
s a − c2s b)Sa b(~x, τ), Sa b(~x, τ) =
δςa b(~x, τ)
ςa b
, (2.6)
where, as in Eq. (2.5) the indices a and b are not tensor indices but denote two generic species
of the pre-equality plasma; c2s a = p
′
a/ρ
′
a and c
2
s b = p
′
b/ρ
′
b are the corresponding sound speeds. In
the case of a fluid made of two different components (e.g. radiation and matter) the corresponding
total energy density is ρt = (ρM + ρR) with ρ
′
M = −3HρM and ρ′R = −4HρR. From Eq. (2.6) the
explicit expression of δpnad will be given by:
δpnad =
4
3
ρMρR
4ρR + 3ρM
S∗, S∗ = SM R = −SRM . (2.7)
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Note that S∗ can also be expressed as the fractional variation of the specific entropy ς = T 3R/nM
where TR is the temperature of the radiation background and nm is concentration of matter species;
indeed we have δς/ς = (3δR/4 − δM) where δR = δρR/ρR and δM = δρM/ρM ; exactly the same
result follows from Eq. (2.5) From the expressions of ρM and ρR in terms of the scale factor Eq.
(2.7) becomes
δpnad = ρM c
2
st S∗, c2st =
p′t
ρ′t
=
4
3[(a/a∗) + 4]
, (2.8)
where it is understood that the plasma is dominated by radiation for a > a∗ and by matter for
a < a∗. In the conventional terminology [35, 36, 37] Eqs. (2.7) and (2.8) describe either the CDM-
radiation mode (if ρM = ρcdm) or the baryon–radiation mode (provided ρM = ρbaryon). In the
concordance paradigm, when the dark energy does not fluctuate, there are, overall five different sets
of Cauchy data: one adiabatic and four non-adiabatic [35, 36, 37] initial conditions2.
2.3 Quasi-normal modes
Equation (2.1) also neglects the scalar anisotropic stress due to free-streaming particles (e.g. neu-
trinos in the case of the concordance paradigm). The total anisotropic stress associated with the
scalar modes will therefore be expressed in one of the following equivalent ways:
∂i ∂j Π
i j
t = ∇2Πt, Πt = (ρt + pt)σt. (2.9)
If the plasma contains a total anisotropic stress and non-adiabatic pressure fluctuations Eq. (2.1)
gets modified by inheriting a source term SR(~x, τ):
R′′ + 2z
′
t
zt
R′ − c2st∇2R = SR(~x, τ). (2.10)
If δpnad 6= 0 and Πt 6= 0 the source term SR can be written in the following matter:
SR(~x, τ) = Σ′R + 2
z′t
zt
ΣR +
3a4
z2t
Πt, (2.11)
ΣR(~x, τ) = − H
pt + ρt
δpnad +
H
pt + ρt
Πt. (2.12)
In Fourier space Eq. (2.10) becomes therefore:
(
R′~k − Σ~k
)′
+ 2
z′t
zt
(
R′~k − Σ~k
)
+ k2 c2stR~k =
3 a4
z2t
Π~k (2.13)
where Π~k is the Fourier transform of Πt; Σ~k and Γ~k are instead the Fourier transforms of ΣR and
δpnad:
Σ~k =
H
pt + ρt
(
Π~k − Γ~k
)
(2.14)
2On top of the CDM-radiation mode and of the baryon-entropy mode the remaining two non-adiabatic modes
are the neutrino entropy mode and the neutrino isocurvature velocity mode. The considerations discussed hereunder
are not bound to the case of the illustrative examples of Eqs. (2.7) and (2.8) but apply for all the non-adiabatic
solutions.
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While non-adiabatic pressure fluctuations and the anisotropic stress have been given in general
terms, in the context of the concordance paradigm δpnad = 0 and the total anisotropic stress is only
due to neutrinos:
Πt = (pν + ρν)σν , σν =
Fν
2
. (2.15)
In Eq. (2.15) Fν 2 is the quadrupole of the neutrino phase-space distribution. The lower moments
of Fν` (i.e. with ` = 0, 1) are related with the density contrast and with the peculiar velocity of
the neutrinos while for ` ≥ 3 the evolution of Fν` is given by:
F ′ν` =
k
2`+ 1
[
`Fν(`−1) − (`+ 1)Fν(`+1)
]
, ` ≥ 3. (2.16)
The evolution of the anisotropic stress of the neutrinos can be obtained by cutting the Boltzmann
hierarchy of Eq. (2.16) and by requiring, for instance, Fν 3 = 0 (but, according to Eq. (2.16),
F ′ν 3 6= 0). To get a decoupled equation we have to pay the price of higher derivatives of σν and the
result is:
σ′′′ν +
8
5
H2RνΩRσ′ν +
6
7
k2σ′ν −
32
5
H3RνΩRσν
=
8
15c2st
(
H− H
′
H
)(H′
H − 2H
)
(R′ − ΣR) + 8
15
(H′
H −H
)
k2R, (2.17)
where ΩR = ρR/ρt is the critical fraction of radiation; as anticipated Rν and Rγ count the fraction
of neutrinos and photons in the radiation plasma.
2.4 Effective anisotropic stresses of the relic gravitons
The effective anisotropic stress of the relic gravitons follows by perturbing the Einstein equations
as
δ
(1)
t G ji + δ(2)s G ji = `2P δ(2)s T ji . (2.18)
Equation (2.18) follows directly from the Landau-Lifshitz strategy [2] and few notational comments
are in order:
• Gνµ will denote throughout the Einstein tensor whileT νµ is a generic energy-momentum tensor
of the matter sources; for the present discussion we shall be mostly concerned with the case
of hydrodynamical matter where T νµ = (ρt + pt)uµu
ν − ptδνµ;
• in Eq. (2.18) δ(1)t denotes the first-order tensor fluctuation while δ(2)s denotes the second-order
scalar of the corresponding quantities;
• at the left-hand-side of Eq. (2.18) there is a further contribution coming from the second-order
tensor fluctuations G νµ , i.e. δ(2)t G νµ : note in fact that −δ(2)t Gµν/`2P is nothing but the Landau-
Lifshitz pseudo-tensor [2] (see also [8] for different ways of assigning the energy density and
pressure of the relic gravitons).
While δ
(1)
t G ji is gauge-invariant to first-order, the second-order contributions are both gauge-
dependent. With this proviso, since the explicit expression of δ
(1)
t G ji is:
δ
(1)
t G ji = −
1
2a2
(
h j ′′i + 2H h j ′i −∇2h ji
)
, (2.19)
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Eq. (2.18) can also be expressed as
h j ′′i + 2H h j ′i −∇2h ji = −2`2Pa2Π(X) ji , (2.20)
where Π
(X) j
i now defines the effective anisotropic stress determined from the scalar fluctuations of
the geometry and computed in the gauge X:
Π
(X) j
i = δ
(2)
s T
(X) j
i −
1
`2P
δ(2)s G(X) ji . (2.21)
Equation (2.20) is ambiguous: while at the left-hand side the tensor part is formally gauge-invariant,
the effective anisotropic stress is instead gauge-dependent so different anisotropic stresses, computed
in diverse coordinate systems will determine different tensor amplitudes which should be instead
coordinate-independent. This is, in a nutshell, one of the motivations of the present analysis: to
avoid manifest contradictions it is important to find a gauge-invariant method to compare various
gauge-dependent results.
The effective anisotropic stress Π
(X) j
i appearing in Eqs. (2.20) and (2.21) is determined up to
total spatial derivatives involving quadratic combinations of the pivotal variables of a given gauge.
This property is a direct consequence of the Landau-Lifshitz approach leading to Eqs. (2.18) and
(2.19). Therefore, given a quadratic combination of two first-order fluctuations (e.g. Q and P ) in
a specific gauge, the identity
∂iQ∂
jP = −Q∂i ∂jP + ∂i(Q∂jP ), (2.22)
can always be used with the aim of neglecting the second term at the right-hand side. This is possible
since the effective anisotropic stress must be always projected along the two tensor polarizations
and, in this process, the total derivative of Eq. (2.22) carries a comoving three-momentum qi which
is orthogonal to both tensor polarizations. To clarify this point we recall that the Fourier transforms
of h ji (~x, τ) and Π
(X) j
i (~x, τ) are defined as:
h ji (~q, τ) =
1
(2pi)3/2
∫
d3xh ji (~x, τ), Π
(X) j
i (~q, τ) =
1
(2pi)3/2
∫
d3xΠ
(X) j
i (~x, τ). (2.23)
If the Fourier amplitude is expanded in the basis of the tensor polarizations we obtain:
h ji (~q, τ) =
∑
λ=⊕,⊗
e
(λ) j
i (qˆ) hλ(~q, τ), Π
(X) j
i (~q, τ) =
∑
λ=⊕,⊗
e
(λ) j
i (qˆ) Π
(X)
λ (~q, τ). (2.24)
In Eq. (2.24) e
(⊕)
i j (qˆ) and e
(⊗)
i j (qˆ) are given by:
e
(⊕)
i j (qˆ) = mˆi mˆj − nˆi nˆj, e(⊗)i j (qˆ) = mˆi nˆj + nˆi mˆj, (2.25)
where mˆ, nˆ and qˆ are three mutually orthogonal unit vectors. Using Eq. (2.24) Eq. (2.20) becomes,
in Fourier space,
h′′λ + 2Hh′λ + q2hλ = −2 `2P a2(τ) Π(X)λ . (2.26)
Equations (2.24) and (2.26) imply then that total spatial derivatives [like the second term at the
right hand side of Eq. (2.22)] will not contribute to Π
(X)
λ (~q, τ) since they will always be orthogonal
both to e
(⊕)
i j (qˆ) and to e
(⊗)
i j (qˆ) [i.e. qˆ
ie
(⊕)
i j (qˆ) = qˆ
ie
(⊗)
i j (qˆ) = 0].
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2.5 Gauges for the effective anisotropic stresses and their drawbacks
Since the effective anisotropic stress of the relic gravitons must be evaluated in a particular gauge
the potential presence of spurious gauge modes should be avoided. These unwanted modes arise
when the gauge freedom is not completely removed and they mix with the evolution of the physical
modes by often making unphysical the obtained expressions of the effective anisotropic stresses.
This drawback is already present to first-order (see e.g. [38]) but it becomes even more acute when
dealing with quadratic combinations of the perturbations variables in a given gauge, as it happens
for the explicit evaluation of the effective anisotropic stresses. For this purpose we recall that the
scalar fluctuations of the (3+1)-dimensional metric are parametrized by four independent functions
which can be eventually reduced by specifying (either completely or partially) the coordinate system:
δ(1)s g00(~x, τ) = 2a
2φ, δ(1)s gij(~x, τ) = 2a
2(ψδij − Ei j), δ(1)s g0i(~x, τ) = −a2Vi, (2.27)
where, in the scalar case, Vi = ∂iB and Eij = ∂i∂jE. For infinitesimal coordinate shifts of the type:
τ → τ˜ = τ + 0, xi → x˜ i = xi + ∂i, (2.28)
the functions φ(~x, τ), B(~x, τ), ψ(~x, τ) and E(~x, τ) introduced in Eq. (2.27) transform as:
φ→ φ˜ = φ−H0 − ′0, ψ → ψ˜ = ψ +H0, (2.29)
B → B˜ = B + 0 − ′, E → E˜ = E − . (2.30)
Two commonly employed coordinate systems where the gauge freedom is completely fixed are the
conformally Newtonian (or longitudinal) gauge where E = 0 and B = 0 and the off-diagonal (or
uniform curvature) gauge where E = 0 and ψ = 0. In fact if we start from the situation where
E 6= 0 and B 6= 0 the longitudinal condition E˜ = B˜ = 0 can be always recovered by setting
(~x, τ) = E(~x, τ), 0 = E
′(~x, τ)−B(~x, τ). (2.31)
Similarly if we start from the situation where E 6= 0 and ψ 6= 0 the off-diagonal coordinate system
E˜ = ψ˜ = 0 follows by setting
(~x, τ) = E(~x, τ), 0(~x, τ) = −ψ(~x, τ)H . (2.32)
In the case of Eqs. (2.31) and (2.32) the coordinate system is completely fixed. Conversely there
are gauges where the gauge freedom can only be fixed up to arbitrary (space-dependent) constants.
For instance the synchronous coordinate system is defined by φ = 0 and B = 0 and if we start from
a physical situation where the synchronous condition is not verified (i.e. φ 6= 0 and B 6= 0) the
condition φ˜ = B˜ = 0 can only be satisfied up to two arbitrary constants. Indeed from Eqs. (2.29)
and (2.30) we see that the condition φ˜ = B˜ = 0 is recovered provided:
0(~x, τ) =
C1(~x)
a(τ)
+
1
a(τ)
∫ τ
0
φ(~x, τ1) dτ1,
(~x, τ) = C2(~x) + C1(~x)
∫ τ
0
dτ1
a(τ1)
+
∫ τ
0
B(~x, τ1) dτ1 +
∫ τ
0
dτ1
a(τ1)
∫ τ1
0
φ(~x, τ2) dτ2, (2.33)
From Eq. (2.33) it is apparent that the synchronous gauge condition is not completely fixed unless
C1(~x) and C2(~x) are specified. This overall ambiguity causes the presence of spurious gauge modes
9
[38]. This problem is potentially even more acute in the case of the effective anisotropic stresses
and, for this reason, the illustrative considerations of the following two sections shall mainly involve
those coordinate systems where the gauge freedom is completely fixed.
When the coordinate system is completely fixed the individual linear order variables used in
one gauge cannot immediately compared to the ones of another gauge and this is especially true
in the case of the effective anisotropic stresses containing quadratic combinations of the metric
inhomogeneities. The variables φ and ψ in the L-gauge (or φ and B in the U -gauge) are not
gauge-invariant since they take a different form when the coordinate system changes. Conversely
R and R′ obey the same equation in any coordinate system. This is, in a nutshell, the advantage
of working directly with the gravitating normal modes of the plasma3.
3 The longitudinal gauge picture
The standard approach to the analysis of the effective anisotropic stresses of the relic gravitons
relies on gauge-dependent treatments. By this we mean that not only the anisotropic stress is
computed in a specific gauge but that also the evolution of the various variables is followed in that
specific coordinate system. The idea pursued here is different: instead of studying and evolving
the effective anisotropic stresses in terms of the pivotal variables of a specific coordinate system
we express the pivotal variables of that gauge in terms of the curvature perturbations and of their
first-order derivatives with respect to the conformal time coordinate. Among the possible gauges
where the effective anisotropic stresses could be computed, only the ones where the gauge freedom
is completely fixed guarantee the absence of spurious gauge modes. For this reason in the present
section we shall first examine the longitudinal picture while in the following section the uniform
curvature gauge will be more specifically analyzed. Recalling Eqs. (2.27), (2.29)–(2.30) and (2.31),
in the longitudinal gauge the metric fluctuations are expressed as:
δ(1)s g00(~x, τ) = 2a
2 φ, δ(1)s gij(~x, τ) = 2a
2 ψδij. (3.1)
In the standard approach the effective anisotropic stress is computed in terms of φ and ψ so that
effective anisotropic stress depends on the evolutionary features of the longitudinal gauge. Since
our aim is to compare the effective anisotropic stresses in different gauges the idea is to trade the
pivotal variables of a given gauge for the curvature inhomogeneities. So, for instance, the relation
between the curvature perturbations on comoving orthogonal hypersurfaces and the longitudinal
degrees of freedom (3.1) in Fourier space is given by:
R~k = −ψ~k −
H(Hφ~k + ψ′~k)
H2 −H′ , (3.2)
R′~k = Σ~k +
2 a2 k2 ψ~k
`2PHz2t
. (3.3)
The accuracy of Eqs. (3.2) and (3.3) can be immediately verified by checking that they lead to
the equation of the the quasinormal modes already discussed in Eq. (2.10). Since Eq. (2.10) is
gauge-invariant it can be derived in any gauge and, in particular, in the gauge (3.1). Let us therefore
derive once both sides of Eq. (3.2) with respect to the conformal time coordinate τ ; if we then use,
3Note that φ in the U -gauge and in the L-gauge is different insofar as it obeys different equations.
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in the obtained expression, Eqs. (3.1) and (3.2) we arrive at the following expression
R′′~k + 2
z′t
zt
R′~k = Σ′~k + 2
z′t
zt
Σ~k −
a2k2(H2 −H′)
4piGHz2t
R+ k
2a2H
4piGHz2t
(ψ~k − φ~k), (3.4)
where the only dependence on the longitudinal fluctuations of the metric is in the last term. We
then recall that, in the gauge (3.1), the scalar anisotropic stress discussed in Eq. (2.9) accounts for
the mismatch between the two longitudinal fluctuations of the metric. In Fourier space we then
have
k2(φ~k − ψ~k) = ∆~k, ∆~k = −
3
2
`2P a
2Π~k. (3.5)
Inserting Eq. (3.5) into Eq. (3.4) the obtained result coincides, as expected, with Eq. (2.13). We
stress that in Eq. (3.5) we introduced, for the sake of conciseness, ∆~k which is only a convenient
auxiliary quantity.
3.1 The effective anisotropic stress in terms of φ and ψ
In the L-gauge of Eq. (3.1) the effective anisotropic stress given in Eq. (2.21) follows from the
standard Landau-Lifshitz approach and it is formally expressed as:
Π
(L) j
i = δ
(2)
s T
(L) j
i −
1
`2P
δ(2)s G (L) ji . (3.6)
The second-order fluctuation of the sources appearing in the first term at the right-hand side of Eq.
(3.6) is easily computed by recalling that, in the L-gauge,
δsui =
2
a`2P (pt + ρt)
∂i
(
ψ +Hφ
)
. (3.7)
Equation (3.7) follows from the first-order fluctuation of the Einstein equations with mixed indices
in the longitudinal gauge. Neglecting the trace we therefore have that δ(2)s T
(L) j
i is given by:
δ(2)s T
(L) j
i = (ρt + pt)δsui δsu
j = − 2
a2 `2P (H2 −H′)
∂i
(
Hφ+ ψ′
)
∂j
(
Hφ+ ψ′
)
. (3.8)
Similarly, always neglecting the trace, δ(2)s G (L) ji is given by:
δ(2)s G (L) ji =
1
a2
[
∂iφ∂
jφ− ∂iψ∂jψ − 2ψ∂i∂j
(
φ− ψ
)
+ ∂iφ∂
jψ + ∂iψ∂
jφ
]
. (3.9)
Putting together the obtained results the effective anisotropic stress of Eq. (3.6) becomes
Π
(L) j
i (~x, τ) = −
1
a2`2P
[
∂iφ∂
jφ− ∂iψ∂jψ + ∂iφ∂jψ + ∂iψ∂jφ
− 2ψ∂i∂j(φ− ψ) + 2
(H2 −H′)∂i
(
Hφ+ ψ′
)
∂j
(
Hφ+ ψ′
)]
. (3.10)
The result of Eq. (3.10) follows by recalling that the enthalpy density of the background (i.e. pt+ρt)
can always eliminated thanks to Eq. (2.3). Equation (3.10) is then further simplified thanks to
Eq. (2.22): since the effective anisotropic stress will be eventually projected along the two tensor
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polarizations the total spatial derivatives do not contribute to the final expression. In particular in
the L-gauge Eq. (2.22) implies:
∂iφ∂
jψ = −φ ∂i∂jψ + ∂i
(
φ ∂jψ
)
. (3.11)
Thanks to Eq. (3.11) the effective anisotropic stress of Eq. (3.10) becomes:
Π
(L) j
i (~x, τ) =
1
a2`2P
[
φ∂i∂
jφ− ∂iψ∂jψ + φ∂i∂jψ + ψ∂i∂jφ
+ 2ψ ∂i∂
j(φ− ψ) + 2
(H2 −H′)
(
Hφ+ ψ′
)
∂i ∂
j
(
Hφ+ ψ′
)]
. (3.12)
Finally, in Fourier space Eq. (3.12) reads:
Π
(L) j
i (~q, τ) =
1
(2pi)3/2
∫
ei ~q·~x Π (L) ji (~x, τ)
= − 1
(2pi)3/2 a2 `2P
∫
d3k ki k
j
[
φ~q−~kφ~k − ψ~q−~kψ~k + φ~q−~kψ~k + ψ~q−~kφ~k
+ 2ψ~q−~k(φ~k − ψ~k) +
2
H2 −H′
(
Hφ~q−~k + ψ′~q−~k
)(
Hφ~k + ψ′~k
)]
. (3.13)
3.2 The effective anisotropic stress in terms of R and R′
Equation (3.13) can be directly studied in terms of φ~k and ψ~k which are the pivotal variables of
the L-gauge. This is what has been done in previous studies but this approach is not ideal for a
sound physical comparison of the results obtained in different gauges. If this strategy is strictly
followed the anisotropic stresses derived in different gauges can only be compared at the very end
and also for specific classes of background evolutions. The aim of this analysis is opposite: we would
like to compare the different results before specifying the evolution of the background. The idea is
therefore to use Eqs. (3.2)–(3.3) by trading φ~k and ψ~k for R~k and R~k:
φ~k = ψ~k + ∆~k, ψ~k =
H2 −H′
H k2 c2st
(
R′~k − Σ~k
)
(3.14)
Using the above expression the effective anisotropic stress can be expressed as:
Π
(L)
i j (~q, τ) = −
2(H2 −H′)
(2pi)3/2 `2P a
2H2
∫
d3k kikj
[
R~kR~q−~k +
H2
2(H2 −H′)∆~k ∆~q−~k
+
(H2 −H′)(2H2 −H′)
k2H2 |~q − ~k|2 c4st
(R′~k − Σ~k)(R′~q−~k − Σ~q−~k)
+
3H
2 k2c2st
∆~q−~k(R′~k − Σ~k) +
3H
2 |~q − ~k|2c2st
∆~k(R′~q−~k − Σ~q−~k)
+
(H2 −H′)
H |~q − ~k|2 c2st
R~k(R′~q−~k − Σ~q−~k) +
(H2 −H′)
H k2 c2st
R~q−~k(R′~k − Σ~k)
]
. (3.15)
The advantage of Eq. (3.15) in comparison with Eq. (3.13) is evident: while φ~k and ψ~k obey the
equations that are specific to the L-gauge, R~k and R′~k obey instead Eq. (2.13) that has the same
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form in any coordinate system (i.e. its is gauge-invariant). In previous studies (see for instance Ref.
[22]) the curvature inhomogeneities have been used to normalise the results obtained in different
gauges. This procedure is, strictly speaking, background-dependent insofar as R~k is taken to be
strictly constant. Some of these approaches (like the one of Ref. [22]) are only consistent in the
case where the curvature inhomogeneities are time-independent and cannot be used in the general
situation where, on the contrary, Eq. (3.15) applies without approximations.
We conclude this part of the discussion by remarking that the gauge-invariant evolution of the
neutrino anisotropic stress of Eq. (2.17) can also be obtained directly in the L-gauge of Eq. (3.1).
In other words, starting form the lowest multiples of the neutrino hierarchy we can easily deduce
Eq. (2.17) directly in the longitudinal gauge. In short the derivation is the following. Recalling
that the lowest multipoles of the neutrino hierarchy read, in the longitudinal gauge,
δ′~k = −
4
3
θ~k + 4ψ
′
~k
, (3.16)
θ′~k =
k2
4
δ~k − k2σν + k2φ~k, (3.17)
σ′ν =
4
15
θ~k −
3
10
kFν3, (3.18)
where δ~k is the neutrino density contrast and θ~k is the three-divergence of the corresponding peculiar
velocity. If we take the conformal time derivative of both sides of Eq. (3.16); we thus obtain
σ′′ν =
k2
15
δ~k +
4
15
k2φ~k −
11
21
k2σν , (3.19)
where the neutrino hierarchy has been truncated, for illustration, to the octupole (notice, however,
that F ′ν 3 6= 0). From Eq. (3.19) it also follows that:
σ′′′ν +
6
7
k2σ′ν =
4k2
15
(φ~k − ψ~k)′ +
8
15
k2ψ′~k. (3.20)
In Eq. (3.20) the term k2(φ~k − ψ~k)′ can be replaced by taking the derivative of both sides of Eq.
(3.5); the other term appearing at the right hand side of Eq. (3.20) is instead replaced by taking
the derivative of Eq. (3.3) and by inserting, in the obtained expression, the decoupled equation for
R~k, i.e. Eq. (2.10). The result in terms of k2ψ′~k becomes:
k2ψ′~k =
1
c2st
(
H− H
′
H
)
(
H′
H − 2H)(R
′
~k
− Σ~k) + 6H3ΩRRνσν −
(
H− H
′
H
)
k2R~k. (3.21)
If Eq. (3.21) is now plugged into Eq. (3.20) we obtain the equation already reported in Eqs. (2.17)
provided the term k2(φ~k − ψ~k)′ is eliminated by means of the derivative of Eq. (3.3).
3.3 Complementary gauge-invariant descriptions
Equation (3.15) demonstrates that the effective anisotropic stress can be expressed directly in terms
ofR~k andR′~k not only asymptotically (i.e. whenR′~k → 0) but in general terms. There could be some
suggesting that R should also be traded for another popular gauge-invariant variable conventionally
denoted by ζ. The gauge-invariant relation between the two variables is:
ζ −R = 2∇
2ψ
3`2Pa
2(pt + ρt)
=
ΣR −R′
3Hc2st
. (3.22)
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The first equality in Eq. (3.22) holds in the L-gauge while the second relation is gauge-invariant.
Equation (3.22) shows that if we would tradeR for ζ we should also generate new terms proportional
to R′. In the L-gauge the explicit definition of ζ is given by
ζ = −ψ −Hδρt
ρ′t
. (3.23)
In the U -gauge ζ describes instead the curvature fluctuations in the hypersurfaces where the total
energy density is uniform. In the limit of large length-scales there seem to be no difference between
ζ and R. However, thanks to Eqs. (3.22)–(3.23) the second-order equation obeyed by ζ is far
more involved than Eqs. (2.1) and (2.10) even if the two equations coincide in the kτ  1 limit.
The decoupled equation for ζ is formally non-local since it contains the inverse of the function
1 + k2/[3(H2 − H′)]. To lowest order in kτ < 1 we have that f(k, τ) → 1: in this limit ζ and R
evolve at the same rate. In Fourier space the evolution of ζ~k can then be written as:
ζ ′′~k +H[1 + f~k + 3c2st(f~k − 1)]ζ ′~k + k2 c2st
[
1− 1 + 3c
2
st
3 c2st
f~kζ~k
]
ζ~k = Sζ , f~k(τ) =
1
1 + k
2
3(H2−H′)
, (3.24)
where Sζ is given by
Sζ =
(
Σ~k −
HΠt
ρt + pt
)′
+H[1 + f~k + 3c2st(f~k − 1)]
(
Σ~k −
HΠt
ρt + pt
)
− 1H∇
2
(
ΣR − HΠt
ρt + pt
)
. (3.25)
Given the expression of f~k(τ), Eq. (3.24) is non-local. In the limit k
2  (H2 − H′) Eqs. (3.24)
and (3.25) are compatible with the evolution of R as implied by Eq. (3.22). Non-local terms can
therefore be avoided with specific approximations which are are however unnecessary if the gauge-
invariant evolution is studied and solved in terms of R and R′. After having computed R and R′
the value of ζ can always be obtained from Eq. (3.22). We therefore conclude that if the effective
anisotropic stresses are expressed in terms of ζ~k the evolution will necessarily involve non-local terms
that are however absent in the approach suggested in this paper.
4 Derivation in the uniform curvature gauge
Recalling Eqs. (2.27), (2.29)–(2.30) and (2.32) the gauge-freedom can also be completely removed
in the coordinate system characterized by the following perturbed metric:
δ(1)s g00(~x, τ) = 2a
2(τ)φ(~x, τ), δ(1)s g0i(~x, τ) = −a2Vi(~x, τ). (4.1)
Even if we shall eventually set Vi = ∂iB it will be convenient, just for the notational convenience,
to write the general formulas in terms of Vi. In this section we shall therefore repeat in the U -gauge
all the steps leading to Eq. (3.15). The expression obtained in the U -gauge will still depend on R~k
and R′~k but it will be sharply different from the expression of the L-gauge. This is what we meant in
section1 when introducing the concept of a gauge-invariant comparison of gauge-dependent results.
4.1 The effective anisotropic stress in terms of φ and Vi
In the U -gauge the effective anisotropic stress follows from Eq. (2.21) with X = U :
Π
(U) j
i = δ
(2)
s T
(U) j
i −
1
`2P
δ(2)s G (U) ji . (4.2)
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Neglecting, as usual, the terms proportional to the trace we will have that
δ(2)s G (U) ji = −
φ
a2
(
∂i V
j ′ + ∂jV ′i
)
− φ
′
2a2
(
∂i V
j + ∂jVi
)
− 2Hφ
a2
(
∂i V
j + ∂jVi
)
+
1
a2
∂iφ∂
jφ− 2H
a2
V j ∂iφ, (4.3)
δ(2)s T
(U) j
i = −
4H
a4 `4P (ρt + pt)
∂iφ
[
H∂jφ+
(
H2 −H′
)
V j
]
. (4.4)
Inserting Eqs. (4.3) and (4.4) into Eq. (4.2) the explicit expression of the effective anisotropic stress
is therefore given by:
Π
(U) j
i (~x, τ) =
1
a2`2P
{
φ
(
∂i V
j ′ + ∂jV ′i
)
+
φ′
2
(
∂i V
j + ∂jVi
)
+ 2Hφ
(
∂i V
j + ∂jVi
)
− ∂iφ∂jφ+ 2H V j ∂iφ,
− 4H
a2 `2P (ρt + pt)
∂iφ
[
H∂jφ+
(
H2 −H′
)
V j
]}
. (4.5)
Recalling that the total spatial derivatives do not contribute once projected on the tensor polariza-
tions (see Eq. (2.9) and discussion thereafter), Eq. (4.5) can be finally expressed as
Π
(U) j
i (~x, τ) =
1
a2`2P
[
2φ ∂i ∂
jB′ + φ′∂i∂jB + 4H φ ∂i ∂jB + 3H
2 −H′
H2 −H′ φ ∂i∂
jφ
]
, (4.6)
where we used that Vi = ∂iB. In Fourier space the relation connecting B~k, φ~k and the scalar
anisotropic stress is given by:
B′~k + 2HB~k = −φ~k + ∆~k. (4.7)
so that Eq. (4.6) becomes, in Fourier space,
Π
(U) j
i (~q, τ) = −
1
(2pi)3/2
∫
ei ~q·~x Π (U) ji (~x, τ)
= − 1
(2pi)3/2 a2 `2P
∫
d3k ki k
j
[
φ~q−~k∆~k + φ~k∆~q−~k +
(H2 +H′
H2 −H′
)
φ~k φ~q−~k
+
1
2
(
φ′
~q−~k B~k + φ
′
~k
B~q−~k
)]
. (4.8)
Equation (4.8) is the U -gauge analog of Eq. (3.13) which is instead valid in the L-gauge. It is
however clear that Eqs. (4.8) and (3.13) are not comparable in any way since the pivotal variables
of each gauge obey a different set of equations. Note, incidentally, that the variable φ appearing in
Eq. (3.13) is defined in the L-gauge whereas Eq. (4.8) holds in the U -gauge where the variable φ
evolves in a different way.
4.2 The effective anisotropic stress in terms of R and R′
As it happens in the L-gauge the pivotal variables of the U -gauge are univocally related to the
curvature perturbations on comoving orthogonal hypersurfaces:
φ~k = −
H2 −H′
H2 R~k, (4.9)
B~k = −
(H2 −H′)
H2 k2 c2st
(
R′~k − Σ~k
)
. (4.10)
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Equations (4.9) and (4.10) are the U -gauge analog of Eqs. (3.2)–(3.3) and (3.14). Inserting Eqs.
(4.9) and (4.10) into Eq. (4.8) the effective anisotropic stress becomes:
Π
(U)
i j (~q, τ) = −
(H2 −H′)2
(2pi)3/2 a2 `2P H4
∫
d3k ki kj
{H2 +H′
H2 −H′R~kR~q−~k
+
k2 + |~q − ~k|2
2 c2st k2 |~q − ~k|2
R′~kR′~q−~k +
3
2
H(w − c2st)
[R′~kR~q−~k
c2st k2
+
R′
~q−~kR~k
c2st |~q − ~k|2
]
− Σ~q−~k[R
′
~k
+ 3H(w − c2st)R~k]
2c2st k2
−
Σ~k[R′~q−~k + 3H(w − c2st)R~q−~k]
2 c2st , |~q − ~k|2
− H
2
(H2 +H′)(R~q−~k∆~k +R~k∆~q−~k)
}
. (4.11)
Equation (4.11) is the U -gauge analog of Eq. (3.15). Since R~k and R′~k obey Eq. (2.10) the results
of Eqs. (3.15) and Eq. (4.11) can be directly compared since they are expressed in terms of the
same set of gauge-invariant variables. This comparison will be explicitly illustrated in the following
section. It is finally rather easy to verify that Eq. (2.10) can be directly derived in the U -gauge.
This step will be omitted here since it mirrors exactly the analysis of the L-gauge. The procedure
is to derive both sides of Eq. (4.10) and to eliminate B′~k by first using Eq. (4.7). This step will lead
to a dependence on φ~k and B~k that will be eliminated thanks to Eqs. (4.9) and (4.10); Eq. (2.10)
will then be recovered. This proves that, unlike the evolution equations of a each particular gauge,
both Eqs. (2.1) and (2.10) are invariant under infinitesimal coordinate transformations of the type
introduced in Eq. (2.28).
5 Gauge-invariant comparison of gauge-dependent results
Equations (3.15) and (4.11) have been derived in two different gauges but are expressed in terms
of the same gauge-invariant variables obeying Eq. (2.10). This is the operational definition of the
strategy introduced in section 1 namely a gauge-invariant comparison of the gauge-dependent re-
sults. This apparent oxymoron emphasizes that the results obtained in different coordinate systems
can be compared in a physically meaningful way only by expressing the gauge-dependent results in
terms of the gravitating normal modes of the system. Since this logic has never been used before,
we intend to illustrate the power of our method by studying the limits of the effective anisotropic
stresses when the typical wavelengths are either smaller or larger than the sound horizon rs(τ).
5.1 Wavelengths inside the sound horizon
Let us first consider the simplest physical case where the non-adiabatic pressure fluctuations vanish,
the scalar anisotropic stress is absent and the wavelengths of the scalar phonons are sufficiently small;
in formulas
Σ~k → 0, ∆~k → 0, k2c2st 
∣∣∣∣z′′tzt
∣∣∣∣. (5.1)
In the situation of Eq. (5.1) we have that Eq. (2.10) becomes
q′′~k + k
2 c2stq~k = 0, q~k = ztR~k (5.2)
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It is relevant to stress that, in this regime, the solution of Eqs. (2.10) and (5.2) follows from
Wentzel-Kramers-Brillouin (WKB) approximation without specifying the background evolution and
it is given by:
R~k(τ) =
C~k
zt
√
2 k cst
cos [k rs(τ)] +
D~k
zt
√
2 k cst
sin [k rs(τ)]. (5.3)
Equation (5.3) is a WKB solution of Eq. (5.2) provided c′st/(2cst) < k cst; in Eq. (5.3) C~k and D~k
are two constants (possibly determined from the boundary conditions) and rs(τ) defines the sound
horizon:
rs(τ) =
∫ τ
τi
cst(τ) dτ. (5.4)
The wavelengths satisfying Eq. (5.3) will be said to be inside the sound horizon (i.e. k rs(τ) 1).
We are now going to consider separately the limits of Eqs. (3.15) and (4.11) inside the sound
horizon. For the sake of illustration we shall first consider the case of Eq. (5.3) and then comment
on the main differences when Σ~k 6= 0 and ∆~k 6= 0. From Eq. (3.15) the expression of the effective
anisotropic stress in the L-gauge becomes:
Π
(L)
i j (~q, τ) = −
2(H2 −H′)
(2pi)3/2 `2P a
2(τ)H2
∫
d3k ki kj
{
R~kR~q−~k +
H2 −H′
H
[ R~kR′~q−~k
c2st |~q − ~k|2
+
R′~kR~q−~k
c2st k2
]
+
(2H2 −H′)(H2 −H′)
H2 c4st k2 |~q − ~k|2
R′~kR′~q−~k
}
. (5.5)
From Eq. (5.3) inside the sound horizon, the curvature perturbations and their derivatives are
approximately related as
R′~k ' k cstR~k
[
1 +O
(
aH
k cst
)
+ . . .
]
, (5.6)
and this relation holds in spite of the details of the underlying background geometry; the ellipses in
Eq. (5.6) denote the higher-order corrections that are always negligible for k cst  H a; an analog
expansion holds in the case R′
~q−~k when |~q − ~k| cst  aH. Inserting Eq. (5.6) into Eq. (5.5) we get
the following result:
Π
(L)
ij (~q, τ) = −
2(H2 −H′)
(2pi)3/2 `2P a
2(τ)H2
∫
d3k ki kjR~kR~q−~k
{
1 + (H2 −H′) (k + |~q −
~k|)
cstH k |~q − ~k|
+
(2H2 −H′)
H2 c2st k |~q − ~k|
+ . . .
}
, (5.7)
where, as in Eq. (5.6), the ellipses stand for the higher-order contributions. The first term at the
right hand side of Eq. (5.7) dominates in the limit k cst  Ha while the two remaining contributions
are of higher order. For short the range of validity of Eq. (5.7) can be dubbed as k cst τ  1,
|~q − ~k| cst τ  1 with (k cst τ)/(|~q − ~k| cst τ)→ 1 since H = aH ∼ 1/τ . Note, however, that this is
just some kind of shorthand notation that does not imply the choice of a specific background as it
happens in gauge-dependent and background-dependent studies.
The same analysis leading to Eq. (5.7) can be repeated in the U - gauge. More specifically we
have that for Σ~k → 0 and ∆~k → 0 Eq. (4.11) becomes:
Π
(U)
ij (~q, τ) = −
(H2 −H′)2
(2pi)3/2 `2P a
2(τ)H4
∫
d3k ki kj
{(H2 +H′
H2 −H′
)
R~kR~q−~k
+
3
2
H(w − c2st)
[ R′
~q−~kR~k
|~q − ~k|2 c2st
+
R~q−~kR′~k
k2 c2st
]
+
k2 + |~q − ~k|2
2 c2st |~q − ~k|2 k2
R′~kR′~q−~k
}
. (5.8)
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At this point it is important to recall that Eqs. (2.10) and (5.2) are both gauge-invariant: they are
therefore the same in any coordinate system. Equation (5.6) can then be inserted into Eq. (5.8)
so that, in the limits k cst τ  1, |~q − ~k| cst τ  1 with (k cst τ)/(|~q − ~k| cst τ) → 1 the same steps
leading to Eq. (5.7) leads, in the case of Eq. (5.8), to the following result:
Π
(U)
ij (~q, τ) = −
(H2 −H′)2
(2pi)3/2 `2P H4a2
∫
d3k ki kjR~kR~q−~k
{
1 +
H2 +H′
H2 −H′
+
3
2
H(w − c
2
st) (k + |~q − ~k|)
cst |~q − ~k| k
+ . . .
}
. (5.9)
The direct comparison of Eqs. (5.7) and (5.9) demonstrates that the leading terms of both
expansions are the same. Therefore, as long as the wavelengths of the gravitating normal modes are
shorter than the sound horizon the anisotropic stresses will coincide up to subleading corrections:
Π
(L)
ij (~q, τ) = Π
(U)
ij (~q, τ) +O
(
aH
k cst
)
+O
(
aH
|~q − ~k| cst
)
+O
(
a2H2
k |~q − ~k| c2st
)
+ . . . (5.10)
So far we considered the case Σ~k → 0 and ∆~k → 0. To avoid a repetitive discussion we shall only
mention the main differences arising in the case Σ~k 6= 0 and ∆~k 6= 0. Equation (5.3) must be
replaced by the following equation
R~k(τ) = R(1)~k (τ) +
∫ τ
τi
dξ GR[q(ξ − τ)]SR(ξ), (5.11)
where R(1)~k (τ) is the solution of the homogeneous equation given in (5.3) while GR[q(ξ − τ)] andSR(ξ) are defined as
GR[q(ξ − τ)] = − zt(ξ)
q cst zt(τ)
sin [q(ξ − τ)], SR(ξ) = Σ′~k + 2
z′t
zt
Σ~k +
3a4
z2t
Π~k. (5.12)
Equation (5.11) must then be inserted into Eqs. (3.15) and (4.1). Using the analog of Eq. (5.6)
and neglecting all the terms that are subheading inside the sound horizon the result of Eq. (5.10)
can be recovered.
To reach the previous conclusion it is relevant to appreciate that inside the sound horizon the
scalar anisotropic stress is more suppressed than the curvature inhomogeneities. Since this is a
relevant aspect it seems appropriate to justify it in more detail in the simplest situation where
the scalar anisotropic stress comes exclusively from the neutrino sector. Let us therefore write the
coupled evolution of the curvature inhomogeneities and of the scalar anisotropic stress in the case
of a radiation-dominated background. Equations (2.10) and (2.17) read
d2R~k
dy2
+
2
y
dR~k
dy
+ c2stR~k =
Rν
y
(
dσν
dy
+
2
y
σν
)
, (5.13)
d3σν
dy3
+
(
6
7
+
8Rν
5y2
)
dσν
dy
− 16Rν
y3
σν +
16
5y2
(
3
dR
dy
+
yR
3
)
= 0, (5.14)
where cst = 1/
√
3 and y = kτ ; to derive Eqs. (5.13) and (5.14) we assumed Π~k = (ρν + pν)σν .
Inside the sound horizon the dominant solution of Eqs. (5.13) and (5.14) reads:
R~k(τ) = R(~k)
sin cst y
cst y
, σν(~k, τ) = σ(~k)
sin cst y
|cst y|2 , (5.15)
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where σ(~k) = (112/55)R(~k). Therefore, as anticipated, inside the sound horizon (i.e. for csty  1)
the scalar anisotropic stress is always more suppressed in comparison with the curvature inhomo-
geneities.
5.2 Wavelengths outside the sound horizon
So far we investigated the effective anisotropic stresses when the corresponding wavelengths are
shorter than the sound horizon. We shall now consider the opposite limit where the wavelengths
are larger than the sound horizon i.e.
k rs(τ) 1, k2 
∣∣∣∣z′′tzt
∣∣∣∣. (5.16)
To investigate the limit of Eq. (5.16) we first rewrite Eq. (2.10) in the following form:
∂τ
[
z2t
(
R′~k − Σ~k
)]
= −k2c2st z2t R~k + 3a4 Π~k. (5.17)
Equation (5.17) has the same content of Eq. (2.10) but it can be easily transformed into an integral
equation which will be easier to handle in this situation:(
R′~k − Σ~k
)
=
(
zex
zt
)2 (
R′~k − Σ~k
)
ex
− k2c2st
∫ τ
τex
z2t (τ1)R~k(τ1) + 3
∫ τ
τex
a4(τ1) Π~k(τ1)dτ1. (5.18)
In Eq. (5.18) τex denotes the time at which the given scale exits the sound horizon (i.e. kcstτex ' 1);
during inflation zt → zϕ = aϕ′/H (where ϕ is the inflaton) so that kτex ' 1 and the sound horizon
coincides, in practice, with the Hubble radius. For wavelengths larger than the sound horizon the
scalar anisotropic stress is negligible with respect to R~k; this is what happens in the case of the
concordance paradigm both in the case of the standard adiabatic mode and in the case of the other
entropic modes [25, 36, 37].
When the typical wavelengths are larger than the sound horizon the evolution of the curvature
perturbations follows from Eq. (5.18). Now the idea will be to insert Eq. (5.18) both into Eq.
(3.15) and into Eq. (4.11); at the very end the two expressions shall be compared. In general terms
the effective anisotropic stresses in the L-gauge and in the U -gauge are expressible as:
Π
(X)
ij (~q, τ) = −
1
(2pi)3/2 a2(τ) `2P
∫
d3k ki kj A
(X)(~k, ~q, τ)
[
1+O
(
k cst
aH
)
+O
( |~q − ~k| cst
aH
)
+. . .
]
, (5.19)
where X = L, U ; the expansion of Eq. (5.19) holds when the corresponding wavelengths are larger
than the sound horizon (i.e. k cst < aH and |~q − ~k| cst < aH) and A(X)(~k, ~q, τ) is the leading term
in the expansion obtained after the insertion of Eq. (5.18) into Eqs. (3.15) and (4.11). The explicit
form of the leading contribution in the L-gauge reads:
A(L)(~k, ~q, τ) = 2
(2H2 −H′)(H2 −H′)2
H4 k2 |~q − ~k|2 c4st
(
zex
zt
)4 (
R ′~k − Σ~k
)
ex
(
R ′
~q−~k − Σ~q−~k
)
ex
, (5.20)
In the U -gauge the leading contribution implies instead:
A(U)(~k, ~q, τ) =
(H2 −H′)2
2H4
(
k2 + |~q − ~k|2|
k2 |~q − ~k|2 c2st
)
×
[
Σ~k +
(
zex
zt
)2(
R′~k − Σ~k
)
ex
][
Σ~q−~k +
(
zex
zt
)2(
R′
~q−~k − Σ~q−~k
)
ex
]
. (5.21)
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The ratio between Eq. (5.21) and Eq. (5.20) is therefore the following:
A(U)(~k, ~q, τ)
A(L)(~k, ~q, τ)
=
(k2 + |~q − ~k|2) c2st
4(2H2 −H′)
×
[
1 +
Σ~k
(R′~k − Σ~k)ex
(
zt
zex
)2][
1 +
Σ~q−~k
(R′
~q−~k − Σ~q−~k)ex
(
zt
zex
)2]
. (5.22)
From Eq. (5.22) we see that A(U)(~k, ~q, τ)/A(L)(~k, ~q, τ) = O(k2c2stτ 2) which is always smaller than 1
when the corresponding wavelengths are larger than the sound horizon at the corresponding epoch.
Let us therefore summarize the main conclusions reached so far. We started by suggesting in
section 1 a gauge-invariant comparison of gauge-dependent results. The novel idea of this compari-
son has been to express the effective anisotropic stresses directly in terms of the gravitating normal
modes of the plasma which obey the same evolution equation in any coordinate system. Inside
the sound horizon the effective anisotropic stresses computed in the L-gauge and in the U -gauge
coincide to leading order and this conclusion is summarized by Eqs. (5.7), (5.9) and (5.10). For
typical wavelengths larger than the sound horizon Eqs. (5.20), (5.21) and (5.22) imply instead that
the anisotropic stresses are sharply different and that, in particular, the result in the U -gauge is
much smaller than the one in the L-gauge. The obtained result suggest therefore the important
conclusion that the effective anisotropic stresses are approximately gauge-invariant inside the sound
horizon but sharply different outside of it.
5.3 Extensions to more general situations
The conclusion reached so far holds in a rather general situation and, in particular, when the
evolution of the curvature inhomogeneities obeys Eq. (2.10). Even more general situations are
described by a similar equation where however the source terms have a different expression. In
particular further sources of anisotropic stress (besides the fluid component) and further sources
of entropy perturbations can be always rephrased in a form similar to the one of Eqs. (2.11) and
(2.12). To substantiate this statement we can consider the effect of the electric and magnetic fields
on the scalar modes The fluctuations of the energy density and the anisotropic stresses are both
quadratic in the electric and magnetic fields and are defined as
δsρB(~x, τ) =
B2(~x, τ)
4pia4
, δsρE(~x, τ) =
E2(~x, τ)
4pia4
, (5.23)
Π
(B) j
i =
1
4piaa
[
BiB
j − B
2
3
δ ji
]
, Π
(E) j
i =
1
4piaa
[
EiE
j − BE
2
3
δ ji
]
, (5.24)
where ~E and ~B denote the comoving electric and magnetic fields (see Ref. [39] and discussion
therein). Using the standard notations for the scalar components of the magnetic and electric
anisotropic stresses
∇2ΠB(~x, τ) = ∂i∂jΠij(B)(~x, τ), ∇2ΠE(~x, τ) = ∂i∂jΠij(E)(~x, τ), (5.25)
the generalized expression for ΣR(~x, τ) now becomes4:
ΣR(~x, τ) = − H
pt + ρt
δpnad +
H
pt + ρt
[(
c2st −
1
3
)
(δsρE + δsρB) + Πt + ΠE + ΠB
]
. (5.26)
4Note that we used ΣR to distinguish it from ΣR where the electromagnetic contribution is basent.
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Equation (5.26) generalizes the results of Eqs. (2.10) and (2.11) and can be used to compute the
evolution of the curvature inhomogeneities in the presence of electromagnetic disturbances. The
main observation we ought to make is that the form of Eq. (2.10) is exactly the same but, this time
SR is replaced by SR:
SR(~x, τ) = Σ′R + 2
z′t
zt
ΣR +
3a4
z2t
(
Πt + ΠE + ΠB
)
. (5.27)
This also means, for instance, that the results of Eqs. (5.20), (5.21) and (5.22) can be easily deduced
also in the presence of electromagnetic components by simply replacing Σ~k with Σ~k and by redefining
Πt as Πt = Πt + ΠE + ΠB.
6 The example of the concordance paradigm
6.1 Basic considerations
The conclusions reached so far do not assume any specific background evolution. It is however useful
to corroborate the results obtained so far with the illustrative example of a radiation-dominated
plasma. Most of the discussion could be conducted in terms of a generic sound speed but for the
sake of concreteness we shall consider the situation
c2st = w =
1
2
, H a = H1 a1, H a2 = H1 a21, (6.1)
where Ha as well as H a2 are constants throughout all the stages of the evolution. Furthermore
we shall neglect both the non-adiabatic pressure fluctuations and the sources of scalar anisotropic
stress (e.g. neutrinos). In the case (6.1) the scalar mode functions can be computed in a closed
form:
R~q(τ) = R(~q ) j0(q cst τ), R′~q(τ) = −q cstR(~q ) j1(q cst τ), (6.2)
where j0(q cst τ) and j1(q cst τ) are spherical Bessel functions of zeroth- and first-order [40, 41]. To
identify more easily the various different contributions in the effective anisotropic stress the sound
speed has been kept constant but generic in Eq. (6.2) (we shall eventually set cst → 1/
√
3 only at
the very end). In Eq. (6.2) R(~q ) represents a scalar random field, whose correlation function and
the associated power spectrum are:
〈R(~q )R(~q ′)〉 = 2pi
2
q3
PR(q) δ(3)(~q + ~q ′), PR(q) = AR
(
q
qp
)ns−1
. (6.3)
In Eq. (6.3) we used the standard normalizations where AR is the amplitude of the power spectrum
at the pivot scale qp = 0.002 Mpc
−1 corresponding to a frequency νp = 2piqp = 3× 10−18 Hz; in Eq.
(6.3) 0.9 < ns < 1 denotes the scalar spectral index (see e.g. [3] and discussions therein). With the
same notation employed in Eq. (6.3) the two-point function of a (solenoidal and traceless) tensor
random field will be written as:
〈hi j(~q )hmn(~q ′)〉 = 2pi
2
q3
Si j mn(qˆ)P T (q) δ(3)(~q + ~q ′), P T (q) = AT
(
q
qp
)nT
, (6.4)
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where Si j mn(qˆ) is related to the sum over the two tensor polarizations defined in Eq. (2.26) and it
is defined as:
Si j mn(qˆ) = 1
4
[
pim(qˆ)pjn(qˆ) + pin(qˆ)pjm(qˆ)− pij(qˆ)pmn(qˆ)
]
, pij(qˆ) = δij − qˆiqˆj. (6.5)
According to the standard notations, AT = rT AR is the amplitude of the tensor power spectrum
at the same pivot scale used for the scalars. The tensor to scalar ratio rT and the spectral index nT
may be related by the so-called consistency relations (i.e. nT ' rT/8) but this point is not central
for the present discussion. In terms of the tensor random fields entering Eq. (6.4) the homogeneous
solution of the equation of the tensor modes is
hi j(~q, τ) = hi j(~q ) j0(q τ), Hij(~q, τ) = ∂τhi j(~q, τ) = −q hi j(~q ) j1(q τ). (6.6)
6.2 Explicit evaluation of the effective anisotropic stresses in a radiation
plasma
Now the idea is, in short, the following:
• we are first going to insert Eqs. (6.2) and (6.3) into the exact expressions of the effective
anisotropic stresses in the L-gauge and in the U -gauge obtained in Eqs. (3.15) and (4.11)
respectively;
• then we shall compare the two exact expressions in the two physical limits when the wave-
lengths of the normal modes are either larger or smaller then the sound horizon;
• finally we will compute the spectral energy density of the relic gravitons and explicitly evaluate
the correction induced by the effective anisotropic stress.
When Eqs. (6.2) and (6.3) are inserted into Eqs. (3.15) and (4.11) the resulting expression of the
effective anisotropic stress becomes:
Π
(X)
ij (q, τ) = −
1
(2pi)3/2 `2P a
2
∫
d3k ki kj R(~k)R(~q − ~k)M (X)(k cst τ, |~q − ~k| cst τ). (6.7)
The general expression of Eq. (6.7) is actually more general than the examples we are now describing;
note, in particular, that M (X)(z, w) is symmetric for w → z and z → w. In the particular case
of the radiation-dominated plasma discussed in Eq. (6.1) the exact expressions of M (X)(z, w) (for
X = L, U) are:
M (L)(z, w) = 4
[
j0(z)j0(w)− 6cst
(
j0(z)j1(w)
w
+
j1(z)j0(w)
z
)
− 54c
2
st
w z
j1(w)j1(z)
]
, (6.8)
M (U)(z, w) = 6c2st
(
z
w
+
w
z
)
j1(w)j1(z). (6.9)
The variable z appearing in Eqs. (6.8) and (6.9) has nothing to do with the variable zt appearing,
for instance, in Eqs. (2.1) and (2.10). In the limits z = kcstξ  1, w = |~q − ~k|cstξ  1 and
q cstξ  1, Eqs. (6.8) and (6.9) become:
M (L)(z, w)→ 4 sin z sinw
w z
+ . . . , M (U)(z, w)→ 12c
2
st cos z cosw
w z
+ . . . . (6.10)
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Equations (6.10) apply when the wavelengths are all inside sound horizon (i.e. k cst/(aH) > 1);
however since cst ≤ 1 (and k/(aH) > c−1st ) the wavelenghts are also inside the Hubble radius (i.e.
k/(aH) > 1). It is important to appreciate that the results of Eq. (6.10) coincide exactly up o
a phase and this because cst = 1/
√
3. As we shall see later this phase will be immaterial for the
final expression of the spectral energy density. When the corresponding wavelengths are outside the
sound horizon the asymptotic forms of Eqs. (6.8) and (6.9) are
M (L)(z, w)→ 4(6c2st − 4cst + 1) + . . . , , M (U)(z, w)→
2
3
c2st[z
2 + w2] + . . . , (6.11)
respectively.
6.3 The explicit expressions of the spectral energy density
The solution of Eq. (2.26) for hλ and ∂τhλ is formally expressed in terms of the corresponding
Green’s functions G[q(ξ − τ)] and G˜ [q(ξ − τ)]:
h
(X)
λ (~q, τ) = hλ(~q, τ)− 2`2P
∫ τ
τi
dξ a2(ξ)G[q(ξ − τ)] Π(X)λ (~q, ξ),
H
(X)
λ (~q, τ) = Hλ(~q, τ)− 2`2P
∫ τ
τi
dξ a2(ξ) G˜ [q(ξ − τ)] Π(X)λ (~q, ξ), (6.12)
where H
(X)
λ = ∂τh
(X)
λ and Hλ = ∂τhλ; the overline distinguishes the (gauge-invariant) first-order
contributions from their second-order (gauge-dependent) counterparts. After inserting Eq. (6.7)
into Eqs. (6.12) the tensor amplitude hλ(~q, τ) follows by recalling the explicit expressions of the
Green’s functions during the radiation-dominated stage i.e.
G[q(ξ − τ)] = − a(ξ)
q a(τ)
sin [q(ξ − τ)], G˜ [q(ξ − τ)] = a(ξ)
a(τ)
cos [q(ξ − τ)]. (6.13)
To compute the effective energy density of the relic gravitons we now need to estimate first their
energy density which ultimately depends on the form of the energy-momentum pseudo-tensor of the
relic gravitons. For instance the energy-momentum pseudo-tensor obtained from the variation of
the effective action of the relic gravitons with respect to the background metric leads to the energy
density firstly derived by Ford and Parker [7, 8]:
ρgw =
1
8`2Pa
2
[
∂τhk` ∂τh
k` + ∂mhk`∂
mhk`
]
. (6.14)
Recalling now Eqs. (2.23), (6.4) and (6.12) the spectral energy density of the relic gravitons is
obtained by taking the ratio between the average of Eq. (6.14) and the critical energy density
according to a standard procedure5; thus in our case the spectral energy density of the relic gravitons
in critical units is given by:
Ω(X)gw (q, τ) =
q2P T (q)
24H2 a2 |qτ |2
[
1 +
sin qτ
q2τ 2
− sin 2qτ
qτ
]
+
q3
12
(
a41H
2
1
a4H2
) ∫ 1
−1
dµ (1− µ2)2
×
∫
dk k6
PR(k) PR(|~q − ~k|)
k3 |~q − ~k|3
[
I
(X) 2
(~k, ~q, τ) + J
(X) 2
(~k, ~q, τ)
]
, (6.15)
5Mutatis mutandis this analysis coincides with the results of an analog problem involving the spectrum of gravi-
tational radiation induced by waterfall fields [42] (see also [43, 44, 45]).
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where I
(X)
(~k, ~q, τ) and J
(X)
(~k, ~q, τ) are given by:
I
(X)
(~k, ~q, τ) =
∫ τ
τi
ξ sin [q(ξ − τ)]M (X)(k cstξ; |~q − ~k| cstξ) dξ,
J
(X)
(~k, ~q, τ) =
∫ τ
τi
ξ cos [q(ξ − τ)]M (X)(k cstξ; |~q − ~k| cstξ) dξ. (6.16)
The spectral energy density of the relic gravitons inside the Hubble radius in its full form (i.e.
including the second-order corrections) follows from Eqs. (6.15) and (6.16) by recalling the limit of
Eq. (6.10). Thus the expressions of Eq. (6.15) (for X = L and X = U) will eventually inherit a
phase difference that however disappears after squaring and summing up the contributions of the
two integrals (6.16) in each case. The common value of spectral energy density inside the sound
horizon is therefore
Ω(U)gw (q, τ0) = Ω
(L)
gw (q, τ0) =
rT ARΩR0
12
(
q
qp
)nT [
1 +
96pi2AR
5rT
f(ns, q)
(
q
qp
)2(ns−1)−nT ]
, (6.17)
f(ns, q) = a1(ns) + a2(ns)
(
qp
q
)ns+1
+ a3(ns)
(
qmax
q
)2ns−5
, (6.18)
where τ0 denotes the present value of the conformal time coordinate while ai(ns) (with i = 1, 2 3) are
three numerical constants6. The expressions of the coefficients ai(ns) follow from the integration
of Eq. (6.15) first over µ and then over k between qp and qmax. The integration over k can
be approximated in two separate regions (i.e. k < q and k > q); this way of approximating
the integrals compares quite well with the numerical results as explicitly discussed in the case of
waterfall fields where the power spectra appearing in the convolutions have larger slopes but similar
analytical expressions. Since νp = 2piqp is in the aHz region (see discussion after Eq. (6.3)) and
νmax = 2piqmax = 190 MHz we have that f(ns, q) = O(10−2) for typical scalar spectral indices
0.9 < ns < 1 .
Let us finally consider Eqs. (6.15) and (6.16) when the corresponding wavelengths are outside the
sound horizon. Once again, with the help of these asymptotic expressions the integrals I
(X)
(~k, ~q, τ)
and J
(X)
(~k, ~q, τ) of Eq. (6.16) can be estimated. The first-order contribution has the standard form
valid during the radiation-dominated phase and it follows from the first term at the right-hand side
of Eq. (6.15) for qτ  1; the second-order correction is however different in the two gauges so that
the general form of Ω(X)gw (q, τ) is:
Ω(X)gw (q, τ) = Ωgw(q, τ)
[
1 + ω(X)gw (q, τ)
]
, Ωgw(q, τ) =
rTAR
12
q2τ 2
(
q
qp
)nT
, (6.19)
where the two functions ω(L)(q, τ0) and ω
(U)(q, τ0) are:
ω(L)gw (q, τ) =
64
15
AR
rT
ΩR0 q
2τ 2
[
1 +
q2τ 2
9
] (
q
qp
)2(ns−1)−nT
f
(L)
(ns, q),
ω(U)gw (q, τ) =
4
135
AR
rT
ΩR0 q
6τ 6
[
1 +
q2τ 2
25
] (
q
qp
)2(ns−1)−nT
f
(U)
(ns, q). (6.20)
6Even if the explicit expressions are immaterial for the present discussion we have that a1(ns) = (ns− 6)/[(2ns−
5)(ns + 1)], a2(ns) = −1/(ns + 1) and a3(ns) = 1/(2ns − 5).
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The form of f
(L)
(ns, q) and f
(U)
(ns, q) is not central to the present discussion and it is anyway
similar to f(ns, q) appearing in Eq. (6.18). What matters here is the parametric dependence of the
correction upon q τ , i.e. ω(U)gw (q, τ)/ω
(L)
gw (q, τ) = O(|qτ |4).
All in all we have that the results obtained in the case of are fully consistent with the ones
obtained in Eqs. (5.10) and (5.22). In particular Eq. (6.17) corresponds to Eq. (5.10) and
demonstrates that the spectral energy densities computed in different gauges coincide when the
wavelengths of the scalar modes are inside the sound horizon. Equation (5.22) corresponds instead
to Eq. (6.20) with the caveat that Eq. (5.22) applies for the anisotropic stresses while the spectral
energy density of Eq. (6.20) is instead quadratic in the effective anisotropic stress. This is why the
mismatch between the two expressions is not given by |qτ |2 (as in Eq. (5.22)) but by the square of
it (i.e. |qτ |4). We conclude that the limit of the general expressions obtained without specifying the
background geometry coincide, as expected, in the particular case of a radiation-dominated plasma
once the corresponding expressions are evaluated either inside or outside the sound horizon.
7 Effective anisotropic stress from the second-order action
So far we suggested a gauge-invariant method to compare gauge-dependent results. The idea is to
choose a coordinate system where the gauge freedom is completely fixed and to compute the effective
anisotropic stress in that particular gauge. At the very end the results will then be expressed in
terms of the gravitating normal modes of the system and of their conformal time derivatives. Since
the gravitating normal modes obey the same evolution equations in different coordinate system, the
results obtained in various gauges are most easily assessed. In general terms the gravitating normal
modes will depend on the total anisotropic stress and on the non-adiabatic pressure fluctuations.
The systematic use of the WKB approximation demonstrated that when the wavelengths are shorter
than the sound horizon the results of different gauges are all consistent while in the opposite regime
they are not. A similar problem arose in the past when discussing the effective energy density and
pressure of the gravitational field: different strategies lead in fact to consistent results only inside
the Hubble radius but not outside of it. In what follows we intend to suggest that probably the
best way of defining the effective anisotropic stress is to start from the second-order action of the
curvature inhomogeneities in the same way as the simplest way of defining the energy density of
the relic gravitons is to start from their second-order action.
7.1 The effective energy density of the relic gravitons
Let us start by briefly examining the derivation of the energy-momentum pseudo-tensor of the relic
gravitons [7, 8]. Since the effective action of the relic gravitons is:
St =
1
8`2P
∫
d4x
√−g gαβ ∂αhij ∂βhij, (7.1)
the associated energy-momentum pseudo-tensor can be introduced from the functional derivative
of St with respect to gµν by considering hij and gµν as independent variables [7, 8]. From Eq. (7.1)
the explicit form of the energy-momentum pseudo-tensor is
Tµν =
1
4`2P
[
∂µhij ∂νh
ij − 1
2
gµν
(
gαβ ∂αhij ∂βh
ij
)]
, (7.2)
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and it can be derived by computing the variation of St with respect to δg
µν i.e.
δSt =
1
2
∫
d4x
√−g Tµν δgµν , T νµ = gανTαν . (7.3)
Since the indices of Tµν are raised and lowered with the help of the background metric, the energy
density and the pressure are defined from the various components of the energy-momentum pseudo-
tensor as:
T 00 = ρgw, T
0
i = S
(F )
i =
1
4`2Pa
2
∂τhk` ∂ih
k`,
T ji = −pgw δji + Π jgw i, (7.4)
where ρgw and pgw are the energy density and the pressure of the relic gravitons:
ρgw =
1
8`2Pa
2
[
∂τhk` ∂τh
k` + ∂mhk`∂
mhk`
]
, (7.5)
pgw =
1
8`2Pa
2
[
∂τhk`∂τh
k` − 1
3
∂mhk` ∂
mh k`
]
. (7.6)
The energy density obtained in Eq. (7.5) coincides in fact with the result already mentioned in Eq.
(6.14). In Eq. (7.4) we have a further class of traceless anisotropic stresses (i.e. Π ii = 0), namely
the anisotropic stress of the tensor modes:
Π jgw i =
1
4`2Pa
2
[
−∂i hk` ∂j hk` + 1
3
δji ∂m hk` ∂m hk`
]
. (7.7)
Equation (7.7) accounts for the anisotropic stress induced by the tensor modes. What we are looking
for is the anisotropic stress induced by the scalar modes of the geometry.
7.2 The effective anisotropic stress in the case of an irrotational fluid
The evolution of the gravitating normal modes of Eq. (2.1) can be derived from an action that is
very similar to the one of Eq. (7.1):
SR =
1
2
∫
d3x
∫
dτ z2t
[
∂τR∂τR− c2st ∂kR ∂kR
]
. (7.8)
Recalling the explicit form of zt (i.e. Eq. (2.2)) and using the background equations(2.3) the action
SR can also be expressed as:
SR =
1
`2P
∫
d3x
∫
dτ a2
(H2 −H′
H2
)[
1
c2st
∂τR∂τR− ∂kR ∂kR
]
, (7.9)
so that the effective anisotropic stress now becomes
Πi j = −2(H
2 −H′)
a2H2`2P
[
∂iR∂jR− 1
3
∂kR ∂kR δ ji
]
. (7.10)
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It is quite clear that the effective anisotropic stress of Eq. (7.10) gives exactly the leading-order con-
tribution already deduced in the L-gauge and in the U -gauge. In particular if we Fourier transform
Eq. (7.10) and project it along the tensor polarization we will have that7
Πλ(~q, τ) = − (H
2 −H′)
(2pi)3/2 `2P a
2(τ)H2
∫
d3k k2 sλ(kˆ, qˆ)R~kR~q−~k (7.11)
where sλ(kˆ, qˆ) = kˆi kˆj e
i j
λ (qˆ). While Eq. (7.11) coincides with the leading-order expression obtainable
in specific gauges inside the sound horizon, outside of it this expression is the same. We therefore
suggest that the second-order action of the scalar modes could be directly used to deduce the
effective anisotropic stress of the relic gravitons.
7.3 The effective anisotropic stress in the case of scalar field matter
To corroborate even further the conclusions of the previous paragraph let us consider the case of
scalar field matter. In this case the curvature perturbations obey the following effective action
SR =
1
2
∫
d4x
(
ϕ′
H
)2√−g gαβ∂αR ∂βR. (7.12)
The background equation ϕ′ 2 = 2(H2 −H′)/`2P can be used in Eq. (7.12) and the action becomes
SR =
1
`2P
∫
d4x
(H2 −H′
H2
)√−g gαβ∂αR ∂βR. (7.13)
By taking the functional derivative with respect to gµν we have that the energy-momentum pseudo-
tensor of the curvature inhomogeneities is:
T 00 = ρR, T ji = −pR δ ji + Π ji , (7.14)
where ρR, pR and Π
j
i are given, respectively, by:
ρR =
ϕ ′ 2
2H2 a2
[
∂τR∂τR+ ∂kR∂kR
]
,
pR =
ϕ ′ 2
2H2 a2
[
∂τR∂τR− 1
3
∂kR∂kR
]
, (7.15)
Π ji = −
2(H2 −H′)
`2P H2 a2
[
∂iR ∂jR− δ
j
i
3
∂kR∂kR
]
. (7.16)
By projecting Eq. (7.16) over the tensor polarizations we obtain the same result of Eq. (7.11).
7Note that the term proportional to δij appearing in Eq. (7.10) does not contributed to Πλ.
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8 Concluding remarks and general lessons
The starting point of this analysis has been the observation that the effective anisotropic stresses
induced by the scalar modes of the geometry depends on the coordinate system where it is evaluated.
Not all the coordinate systems are equally viable: the ones where the gauge freedom is completely
eliminated guarantee the absence of spurious gauge modes and this is why the attention has been
focussed on the longitudinal and on the uniform curvature gauges. In spite of this important
difference the anisotropic stresses computed in different coordinate systems depend on the evolution
of the pivotal variables of that particular gauge.
To avoid this drawback we suggested how the gauge-dependent results could be compared in a
gauge-invariant manner. By this we simply stress that the results obtained in diverse coordinate
systems can only be compared in a meaningful way by expressing the gauge-dependent results in
terms of the gravitating normal modes of the system. This is the novel idea proposed and scrutinized
in this paper. Since the gravitating normal modes of the plasma obey the same evolution equation in
any coordinate system there will be a unique evolution equation determining the effective anisotropic
stresses in different gauges. The results of this analysis are, in short, the following:
• the evolution of the gauge-invariant curvature inhomogeneities has been analyzed in general
terms by including the non-adiabatic pressure fluctuations and the scalar anisotropic stress;
• inside the sound horizon the effective anisotropic stresses computed in the L-gauge and in the
U -gauge coincide to leading order (i.e. they are gauge-invariant from the practical viewpoint);
• for typical wavelengths larger than the sound horizon the evolution of the normal modes imply
instead that the anisotropic stresses are sharply different and that, in particular, the result in
the U -gauge is much smaller than the one in the L-gauge;
• even if the present approach employs the WKB approximation (and does not assume any
specific background evolution) the obtained results have been explicitly corroborated by the
analysis of a radiation dominated plasma;
• we finally argued that the effective anisotropic stress of the curvature inhomogeneities can be
obtained from the functional derivative of the second-order action of curvature inhomogeneities
with respect to the background metric.
The obtained results suggest therefore that the effective anisotropic stresses are approximately
gauge-invariant inside the sound horizon but sharply different outside of it. The same kind of spu-
rious gauge-invariance examined here is also manifest when the energy density of the relic gravitons
is derived from competing energy-momentum pseudo-tensors. To lowest order the ambiguity can
be solved (or alleviated) by selecting an energy-momentum pseudo-tensor with reasonable physical
properties such as the one obtained long ago by Ford and Parker. The present considerations show
however that some ambiguities are likely to reappear from the higher-order processes as a direct
consequence of the lack of localization of the energy-momentum of the gravitational field. Following
the same logic that leads to the energy-momentum pseudo-tensor of the relic gravitons, we can use
the second-order action of the scalar modes to obtain the effective anisotropic stress. It turns out
that the results obtained in this way coincide (inside the sound horizon) with the expressions derived
in different coordinate systems where the gauge freedom is completely fixed. When the wavelengths
of the curvature inhomogeneities are larger than the sound horizon the gauge-dependent results are
28
sharply different; the second-order action leads instead to an expression that formally coincide with
the result valid inside the sound horizon.
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